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This paper examines neutrino flavor evolution outside a supernova neutrinosphere using a one-
dimensional model that retains the non-linear nature of neutrino-neutrino interactions as well as
some aspects of the full geometry. In some limiting cases analytic results can be obtained that
display different behavior from their counterparts in (linear) solar neutrino flavor evolution. For
more general cases, numerical solutions require extended numerical algorithms to achieve stable
solutions, and these solutions exhibit standard chaotic behavior.
I. INTRODUCTION
Neutrinos are trapped by multiple scattering from baryons at nuclear matter densities in a supernova. However,
outside the neutrinosphere, which characterizes the boundary of the baryon-rich region, neutrinos can propagate
outward as coherent waves. There is an extensive literature aimed at describing neutrino transport outside supernovae
where the scattering medium can include the neutrinos themselves as well as electrons and baryons [1–14]. [For a
review, see Ref. [1] and references therein.]
Recently concerns have been raised regarding numerical stability and/or sensitivy of the numerical results to ge-
ometric symmetry [15–17]. The purpose of this paper is to gain some insight into the results of three-dimensional
simulations by means of a one-dimensional model. The model retains the non-linear nature of neutrino-neutrino
scattering, as well as some of the density variation of particle species found in the full three-dimensional picture.
It also permits a study of numerical algorithms beyond those typically used in the three-dimensional case. In our
analysis, we find that achieving numerical stability requires a higher order algorithm than what is normally employed
in the three-dimensional case. Once numerical stability is achieved, the solutions for all but the most symmetric cases
exhibit the the standard criteria for chaotic behavior.
The model also provides a second insight with respect to the asymptotic flavor evolution of neutrinos far from a
supernova where the neutrino density has fallen to zero. It address the question whether neutrino flavors evolve in the
same manner as they do when traveling in a static medium electrons outside the sun [18, 19]. It will be seen that the
non-linear nature of supernova neutrino evolution leads to different configurations at large distances than one might
expect from the solar neutrino case, which is linear in form.
II. BACKGROUND: NEUTRINO MEDIUM REFRACTIVE INDEX
A refractive index describes coherent propagation of a particle in a medium of scatterers, for which plane waves
travel with an effective wavenumber:
κ = kn, (1)
where the index n depends upon the forward scattering amplitude of the scatterer:
n = 1 +
2piρ
k2
f(0), (2)
and ρ is the number density of the medium particles. [20]
This leads to an effective wave equation: for any direction fixed by a wavenumber k, the spatial variation apart
from the overall phase eikx is given by
∂
∂x
ψ = iKψ, (3)
where
K =
2piρ
k
f(0). (4)
K thus plays the role of a Hamiltonian.
For neutrinos, the index becomes a matrix in flavor space. The matrix contributions are diagonal for electron and
baryon scatterers. In the absense of mixing, the neutrino medium also contributes a diagonal matrix index. For
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2simplicity, we consider only two neutrino flavors e and x (e.g. assuming flavors ν and τ to be fully mixed). In the
presence of neutrino mixing, the matrix index contribution from each neutrino scatterer is diagonal a basis consisting
of its mixed state plus its orthogonal partner. The index then becomes a density matrix [2].
The mean-free path,
L ∼ 1
ρσtot
. (5)
provides a figure of merit by which to judge a calculation using the index alone: additional non-coherent contributions
arising from inelastic scattering or elastic scattering far from forward-going directions start to be come significant
only over distances comparable to L.
From Ref. [21], we note that the maximum neutrino density outside the neutrinosphere is roughly 1032 cm−3. The
total elastic ν − ν cross section (without exchange) is
σ =
G2s
4pi
. (6)
For neutrino energies of 10 MeV, this corresponds to a mean-free path of order 50,000 km. This means that a refractive
index picture in which neutrinos travel through a medium of other neutrinos is an excellent approximation for the
length scales of interest, typically hundreds of kilometers or less. This observation is important for what follows:
however difficult it may be to implement the equations of motion, they capture the dominant physics. Put another
way, under these density conditions, corrections to the refractive limit are very unlikely to alter the conclusions.
In the presence of an additional medium of electrons, the complete expression is
K = Kν +Ke +Km, (7)
where
Ke =
√
2Gρe
[
1 0
0 0
]
, (8)
and
Km =
∆m2
2E
1
2
[ − cos 2θ sin 2θ
sin 2θ cos 2θ
]
. (9)
The coupled neutrino term receives a contribution from each scatterer with momentum p2:
Kν = 2
√
2G
∫
dp2 (1− p1 · p2)
[
ρνe(p2) 0
0 ρνx(p2)
]
, (10)
where p1 is the neutrino beam momentum. In full calculations, the integral over p2 is weighted with a distribution
function.
III. MODEL STUDIES
The focus of our study is a model with a single space-time variable x ∼ t.
∂
∂x
ψ(x) = iKψ(x). (11)
We consider the evolution of two groups of neutrinos, labeled A and B, respectively, and and associated wave
functions ψ an χ, evolving under a single variable x:
∂
∂x
ψ = KAψ (12)
∂
∂x
χ = KBχ,
where KA and KB are identical except for the nonlinear neutrino-neutrino interaction term:
KAν = Gρν χ⊗ χ†; (13)
KBν = Gρν ψ ⊗ ψ†.
3This model does not include the full effects of three-dimensional geometry, but retains the non-linear nature of the
optics.
Full-scale simulations employ a thermal distribution of neutrinos. In fact, a frequently discussed outcome of these
simulations is the idea an energy swap. For this model, we retain a minimal aspect of a distribution by following the
evolution of two incoherent neutrinos in each group: ψ<, ψ>, χ<, χ>, corresponding to two distinct neutrino energies
E< and E>.
At x = 0, each of the four neutrinos begins propagation as a flavor eigenstate, e.g.
ψe(x = 0) =
[
1
0
]
(14)
for pure νe, and
ψx(x = 0) =
[
0
1
]
(15)
for pure νx. We take Km as given in Eq. 9. For Ke, we write
Ke =
√
2GρeFe(x)
1
2
[
1 0
0 −1
]
. (16)
In this study we have removed all matrix traces as they do not contribute to flavor oscillations.
The form factor Fe(x) accounts for the density falloff of electron density in three-dimensional space:
Fe(x) = (
R
R+ x
)2 (17)
where R sets the scale of the neutrinosphere radius.
Kν =
√
2GρeFν(x)χ⊗ χ†, (18)
where there is an implied incoherent sum over the two energies E< and E>. The form factor Fν(x) accounts both for
the spatial falloff of neutrino density (as for electrons) and the fact that a typical angle of incidence of neutrino pairs
in the full three-dimensional problem approaches zero (see Eq. 19):
(1− p1 · p2) ∼ O
(
1
r2
)
. (19)
We then have
Fν(x) = (
R
R+ x
)4 (20)
The model has corresponding features to that reported in Ref. [15]. That model also has a single variable, which
can be considered to be one spatial dimension. It has no electron or neutrino density variation, unlike the framework
described above. It also has fixed rather than variable neutrino densities. Nevertheless, some conclusions are quite
similar.
A. Analytic Results
We examine here the possibility of a flavor evolution effect due to neutrino-neutrino interactions that is analagous
to the MSW effect due to the neutrino-electron interaction. In the MSW effect, solar electron neutrinos propagate
initially through a medium of electrons whose density is high enough that its optical effect dominates over vacuum
oscillations. As the electron density decreases adiabatically with distance, the neutrino state gradually evolves into a
mass-2 eigenstate via the non-crossing rule. For supernova neutrinos, one could imagine that, for a neutrino population
restricted to electron neutrinos only, these neutrinos would propagate in a medium dominated by electron flavor; as
the electron neutrino density falls off, these neutrinos would evolve to mass-2 eigenstates. In fact, this does not
happen: two pure flavor eigenstates evolve as they pass through each other to a final state containing the same mass
eigenstate mixtures as their initial states.
4We can demonstrate this by induction. In the mass basis, a pure νe initial state is
ψνe(x = 0) =
[
cos θ
sin θ
]
. (21)
According to the claim, this state at finite x has the form
ψνe(x) =
[
eiα cos θ
eiβ sin θ
]
. (22)
We now demonstrate that this form is preserved under a step x→ x+ h.
dψ = ih(Kν +Km)ψ. (23)
In the mass basis,
Kmψ = λ
[ −1 0
0 +1
] [
eiα cos θ
eiβ sin θ
]
= λ
[ −eiα cos θ
+eiβ sin θ
]
. (24)
The neutrino-neutrino matrix is proportional to χχ†:
Kν = µχχ
†. (25)
For this case, the symmetry requires that ψ and χ evolve in the same way. This means that the density matrix Kν
simply identifies ψ with eigenvalue +1:
Kνψ = +ψ. (26)
Hence we get
dψ = ih
[
(µ− λ)eiα cos θ
(µ+ λ)eiβ sin θ
]
. (27)
That is, the mass admixtures do not change in magnitude; only the relative phases change. Unlike the case of MSW,
the pure electron state never evolves into a pure mass-2 eigenstate, even though the eigenvalues of the propagation
matrix never cross at any point in their evolution. The variation of K is adiabatic with respect to stellar dimensions;
however, the non-linear term in the propagation matrix varies at exactly the same rate as the wave function on which
it operates, so in that sense adiabaticity is lost. Since the neutrino mass states eventually decouple, the asymptotic
survival probability for a state originally produced as νe is
Pe −→
x→∞(cos
4 θ + sin4 θ) = 1− 2 cos2 θ sin2 θ. (28)
The conclusions of this analysis can be readily extended for any case where χ< = ψ<; χ> = ψ> at x = 0.
B. Numerical Studies
For all but the most symmetric cases Eqs. 12 and 13 must be integrated numerically. We use the following
parameters:
∆m2 = .003 eV2; θ = 0.1; ρν = 10
32 cm−3; ρe = 1030 cm−3; R = 10 km. (29)
1. Integration Algorithms
The nonlinear dependence of Kν upon neutrino wave functions means that one must take extra care when integrating
the equation of motion numerically, so as to avoid serious loss of precision and/or loss of unitarity (normalization of
ψ and χ). The method used in Ref. [21] uses what we denote unitarized Euler (UE). For each step increment h, the
equation of motion has the form
∆ψ = iKhψ, (30)
5where ψ represents one of the two-component flavor spinors. If K is traceless, one can rewrite Eq. 30 as
∆ψ = iΘσ · nψ, (31)
To the same order in h, we can also write (cf. Eq. 42 of Ref. [21])
ψ + ∆ψ = eiΘσ·nψ = (cos Θ + i sin Θσ · n)ψ, (32)
where
Θ = h
√
|Kee|; σ · n = h
Θ
K. (33)
Equations 32 and 33 preserve unitarity at every step. The overall numerical uncertainty is linear in h.
The UE method is very sensitive to small, likely unphysical, perturbations near x = 0. Accordingly, the authors of
Ref. [21] added an extra contribution to Ke that is very high near the neutrinosphere but falls off exponentially. We
include such a term for all numerical calculations:
K ′e = 10
6 ×Ke(x = 0)× e−50x/R. (34)
We found for this model that we still could not always maintain numerical stability, and therefore sought an
alternative. One method that achieves a higher level of precision while maintaining unitarity is fourth-order implicit
Gauss-Runge-Kutta (GRK) [22, 23].
2. Convergence
The GRK method has a global convergence rate of O(h4) for step size h. To test convergence to O(h4), we write
the partial integration of one component of the coupled, linear differential equation at a particular point x as
Fh(x) = Fe(x) +Ah
4, (35)
where Fe(x) is the exact result and Ah
4 is the leading term in the expression for the error. If we calculate F (x) using
various step sizes hi, we can form ratios involving different hi:
Fhi(x)− Fhj (x)
Fhj (x)− Fhk(x)
=
h4i − h4j
h4j − h4k
. (36)
We can then take a ratio of ratios: (
Fhi(x)− Fhj (x)
Fhj (x)− Fhk(x)
)
/
(
h4i − h4j
h4j − h4k
)
= 1. (37)
For cases where convergence could be achieved, this ratio was tested for a variety of numerical runs using a sequence
of h values, typically in the 1-cm range, at points where the result showed significant fluctuation. In each case tested,
the ratio in Eq. 37 was within one or two percent of unity. A convergence at another power of h (e.g. h2) would not
yield such a ratio for this range of step sizes. In order to achieve this power-law convergence, some runs required up
to 25 iterations to compute the implicit GRK integration coefficients at each step, together with an iteration precision
of one part in 1015.
The UE method should have a convergence rate of O(h). A similar ratio can be constructed that is linear in h in
order to test this property.. For runs and regions where the results appear to be stable, the ratio is indeed close to
unity.
3. Test Runs
We discuss here a representative set of test runs for initial conditions that have varying symmetry between groups
A and B.
6FIG. 1: Mass-1 emergence probability associated with each of four neutrinos as a function of x, with parameters of Case 1.
Left panel: GRK method; right panel: UE method
FIG. 2: Mass-1 emergence probability associated with each of four neutrinos as a function of x, with parameters of Case 2.
Left panel: GRK method; right panel: UE method. In this particular case, B< = A<; B> = A>.
• Case 1: For our initial case, we take both energies to be the same:
E< = E> = 10 MeV (38)
and
|ψe<|2 = 0.5; |ψx<|2 = 0; |ψe>|2 = 0; |ψx<|2 = 0.5; |χe<|2 = 0.45; |χx<|2 = 0; |χe>|2 = 0; |χx<|2 = 0.55. (39)
That is, equal populations of νe and νx in one direction pass through slightly differing populations of νe and
νx in the other direction. The results are shown in Fig. 1. In each case we plot the emergence probability of
mass-1 neutrinos (choosing mass eigenenstates since those propagate over very large distances without further
mixing). In this case, both the GRK and UE integration methods converge, and yield the same results to O(h4)
and O(h), respectively.
• Case 2: In this case, we use a two-energy spectrum:
E< = 9 MeV; E> = 11 MeV (40)
7FIG. 3: Mass-1 emergence probability associated with each of four neutrinos as a function of x, with parameters of Case 3.
Left panel: GRK method; right panel: UE method
FIG. 4: Mass-1 emergence probability associated with each of four neutrinos as a function of x, with parameters of Case 4.
Left panel: GRK method; right panel: UE method
and equal neutrino populations A and B:
|ψe<|2 = 0.45; |ψx<|2 = 0; |ψe>|2 = 0; |ψx<|2 = 0.55; |χe<|2 = 0.45; |χx<|2 = 0; |χe>|2 = 0; |χx<|2 = 0.55. (41)
The symmetry of the initial conditions means that both A and B neutrino populations will evolve in the same
way. The results are shown in Fig. 2 In this case, the GRK method converges to O(h4). The UE method does
not converge at any value of x after x 1 km.
• Case 3: In this case, we gain use equal energies
E< = E> = 10 MeV (42)
and a different population from that of Case 1.
|ψe<|2 = 0.55; |ψx<|2 = 0; |ψe>|2 = 0; |ψx<|2 = 0.45; |χe<|2 = 0.45; |χx<|2 = 0; |χe>|2 = 0; |χx<|2 = 0.55. (43)
In this case the flavor populations are unequal in both directions. The results are shown in Fig. 3 In this case,
the GRK and UE integration method converges to O(h4) using step sizes of 0.5 cm or less, but the UE method
does not converge even at these small step sizes.
8FIG. 5: Growth in relative separation of solutions for small initial displacements, where  is defined in the text. Curves are
normalized to unity at x = 0.
• Case 4: In this case, we use a two-energy spectrum
E< = 9 MeV; E> = 11 MeV (44)
and an asymmetric initial population:
|ψe<|2 = 0.55; |ψx<|2 = 0; |ψe>|2 = 0; |ψx<|2 = 0.45; |χe<|2 = 0.45; |χx<|2 = 0; |χe>|2 = 0; |χx<|2 = 0.55. (45)
This is the same as Case 2 except that the energies are unequal as well. The results are shown in Fig. 4 In this
case, the GRK method converges to O(h4) until x ∼ 50 km, for which the rapid variations in the solution are
confirmed to O(h4). Beyond that range of x it was difficult to obtain a stable solution. In an attempt to improve
convergence, we used a sixth-order implicit Runge-Kutta Algorithm [22, 23]. With this improved algorithm, we
were able to main stability with a precision of O(h6) up to about x ∼ 75 km, but could not move much further,
even with step sizes h ∼ 1 mm. The UE method does not converge at any value of x.
Further investigation of Case 4 suggests that the behavior is in fact chaotic. To see this, we consider slightly
modified parameter sets where
|ψe<|2 = 0.55 + ; |ψx<|2 = 0; |ψe>|2 = 0; |ψx<|2 = 0.45; |χe<|2 = 0.45− ; |χx<|2 = 0; |χe>|2 = 0; |χx<|2 = 0.55. (46)
The displacement of initial condition δ|ψ|2 leads to a displacement of the outcome probability δP1. For a chaotic
system, we expect to see [24]
|δP1(x)| ≈ eλx|δP1(x = 0)|. (47)
In Fig. 5 we show a calculated normalized displacement:
δp1(x) =
∣∣∣∣δP1(x)δP1(0)
∣∣∣∣ (48)
for three choices of : 10−8, 10−7, 10−6. By definition the curves begin at unity. To the extent that Eq. 47 is correct,
the curves will lie on top of one another. In practice, all three trajectories rise to p1 ∼ 100 and remain near that value
until x ∼ 0 km, after which they rise at an exponential rate. For comparison, see Fig. 2.32 in Ref. [24].
9C. Discussion
From the examples described above, there are cases in the parameter space of initial conditions that lead to stable
solutions using either GRK or UE methods, stable solutions using only the GRK method, and solutions that ultimate
become chaotic, as confirmed by very high precision GRK algorithms. That said, the cases yielding, convergent,
non-chaotic solution represent very special instances in which some parameters are equal or satisfy a symmetry. The
more general case that one would encounter corresponds to Case 4, where the neutrinos have unequal energies, and
the A and B νe and νx populations are also not the same. The transition to a chaotic solution also occurs well before
the neutrinos would be expected to reach their asymptotic mass contents.
These results are similar to those found in Refs. [14–16, 25, 26], which examine sensitivities of solutions under
very small variations of initial conditions. In particular, the one-dimensional model of Ref. [15] produces very similar
behavior to that found here. That study found that results were stable for high neutrino densities. Consistent with
that study, we find that very high neutrino densities yield stable results. However, we also find that as the neutrino
density falls off, the results become chaotic. Instabilities were also observed in a model study in Ref. [27].
In this study we distinguish between numerical stability, which can eventually be achieved to arbitrary precision
using powerful integration algorithms, and chaotic behavior, which is a measure of the physical sensitivity of the results
to initial condition. As noted in these references, it is not clear whether a full three-dimensional approach using an
algorithm that has proven convergence as a function of step size can yield stable results when initial conditions are
asymmetric. Even if this is possible, there remains the second issue of sensitivity, whose impact is physical rather
than numerical.
IV. SUMMARY
With a one-dimensional model we have been able to explore several aspects of non-linear neutrino evolution outside
a supernova neutrinosphere. For certain limiting cases (such as a single-flavor initial state), one can obtain exact
asymptotic results that differ from what one expects from the corresponding linear case (such as solar neutrino
evolution). For more general cases of initial flavor distributions, neutrino flavor (or mass) evolution becomes difficult
to integrate numerically; one can achieve numerical convergence, but the solution and eventually exhibits the standard
signals for chaotic behavior. We note here that the framework of refractive optics remains valid even in the chaotic
region. The large neutrino mean-free path means that this system is in fact an excellent illustration of dynamical
birefringence whose microscopic origin can be derived, whether or not a stable numerical solution exists.
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